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Abstract 

Let X be a smooth projective variety over an algebraically closed field k C C. 
Under mild assumption, we construct projectors modulo rational equivalence onto the 
last step of the coniveau filtration on the cohomology of X. We obtain a "motivic" 
description of the Abel-Jacobi maps to the algebraic part of the intermediate Jacobians. 
As an application, this enables us to relate the injectivity of the total Abel-Jacobi map 
®iC Hi(Xc)hom <8> Q — ► ®iJi{Xc) <S> Q to finite dimensionality for the motive of X. 

Introduction 

Let X be a smooth projective variety of dimension d over an algebraically closed field 
k C C. The Chow group CHi(X) of i-cycles on X is the free abelian group generated 
by z-cycles on X modulo rational equivalence. The group CH*(X) := ^ i CHi(X) is 
endowed with an intersection product which turns it into a ring. There is a cycle class 
map cli : CHi{X) — > H2i(X,Z) which is functorial. Here, H2i(X,Z) denotes the singular 
homology of X(C) and the map cl := ®^ cli is a ring homomorphism. A cycle 7 € CH{(X) 
is said to be homologically trivial if 0^(7) = 0, it is said to be numerically trivial if 
deg(7 n 5) = for all 5 G CH^i{X). The subgroup of CH{(X) of homologically trivial 
(resp. numerically trivial) cycles is denoted by C Hi(X)Y lom (resp. C Hi(X) num ) and we 
have the following inclusions 

CHi(X)h om C CHi(X) num C CHi(X). 

By definition, we will write CHi(X) Q := Cflj(X) <g> Q. 

In [20], Murre constructed projectors 7iq and iT2d-i in CHd(X x X)q called respectively 
the Albanese projector and the Picard projector satisfying the following properties. 

• 7T1 = *7T 2 d-l. 

• (tti)*#*(X,Q) = #i(X,Q) and (7r M _i)*fl«(^, Q) = H 2d ^(X,Q). 

• (7ri)*Cif*(X)Q = (7Ti)*C^o(X)q — Albx <8) Q and more generally (X,ni,0) ~ 
t)i(Albx). 
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• (TT2d-i)*CH :¥ (X)Q = (7# d _i(X) hom> Q ~ Pic^(g)Q and more generally (X, 7r 2 d-i,0) ~ 

f,!(Pic^)(d-l). 

Here, (X, it, n) denotes a pure Chow motive. We will be using a covariant setting for 
which we refer to [12]. In this paper, we wish to generalize Murre's construction. We offer 
two different constructions. The first one is unconditional and is based on a lifting property 
from numerical equivalence up to rational equivalence (proposition 1.1). The second one 
depends on an assumption on the cohomology of X which we describe below. 

In [24], we studied a coniveau filtration 

Hi(X) = N°Hi(X) D ^HiiX) D...D N^H^X) D N^ +1 Hi(X) = 
defined by 

WHi(X, Q) = Im ( F * : H i-2j( Y ', Q) -> H i( x , Q)) . 

reCH i _ j (Y'xX) Q 

where the union runs through all smooth projective varieties Y' of dimension i — 2j and 
all correspondences T G CHi_j(Y' x X)q. This filtration is finer than the usual coniveau 
filtration N defined by 

NiH l (X,Q)= lra(U:H i (Y,Q)^H i (X,Q)) 

where / : Y — > X runs through all morphisms from a smooth projective variety Y of di- 
mension < i — j to X. However, these nitrations coincide on the last step : iVL*/ 2 J Hi(X) = 
iV L 2 / 2 J Hi(X) and should coincide in general if the Lefschetz conjecture holds. If the Lef- 
schetz conjecture holds for X, we proved [24, Th. 1] that the orthogonal projectors (for 
the polarization on Hi(X, Q) induced by any ample divisor L on X) 

7r^ m : H*(X, Q) -» N j Hi(X, Q) H*(X, Q) 

are induced by algebraic correspondences. Here, we wish to construct under less restrictive 
hypotheses mutually orthogonal projectors n^^j modulo rational equivalence such that 

(n i)LV2J )*tf*(X,Q) = N^Hi(X) = N^H t (X). 

We will show that the projector Hi u/2\ can be constructed solely using the assumption 
that the pairing N^ 2 ^^ H 2d -i(X, Q)<giN^Hi(X, Q) -> Q is non degenerate. Such an 
assumption is implied by the Lefschetz conjecture or by the generalized Hodge conjecture 
being true for X (lemma 2.1). The construction of the projectors H^ii is well-known (see 
§2.1) and is usually used to extract the Neron-Severi group NSi(X)q out of CHi(X)Q. 
The construction of the projectors I^i+i,* generalizes Murre's construction of the Albanese 
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and Picard projectors (n^o and U2d-i,d-i respectively) because in these cases our pairing 
will automatically be non degenerate. In particular, our construction gives a motivic 
interpretation of the Abel-Jacobi map to the algebraic part of the intermediate Jacobians. 
Note that Gorchinskiy and Guletskii [6] constructed earlier a similar projector H31 for 
some 3- folds (essentially in the case when H^(X) = N 1 H?,(X)). 

Precisely, let cli : CHi(X)q — > H2i(X, Q) denote the rational cycle map to singular 
homology and let d{ be dimQimcZj. Write Jf{X) for the image of the Abel-Jacobi map 
AJi : CHi(X) a \ g — > Ji(X(C)), it is an algebraic torus defined over k. We will prove 

Theorem 1. [cf. theorem 2.2, propositions 2.3 and 2.4] 

Assume that the pairings N d ~ l H2d-2i{X, Q) x N l H2i(X,Q) — > Q are non degenerate. 
Then there exists for all < i < d a projector Il^j G CHd(X x A)q whose homology class 
is the projector -H*(X, Q) -» Im (cZj) = N l H2i(X, Q) H^X, Q) and suc/i i/iai i/ie Chow 
motive (X, 11^3,0) is isomorphic to (L®*)® di . Moreover, t U.2i,i = ^2d-2i,d-i an d 

CHi(X) homM = Ker (n 2M : C^(X) Q -> CH t (X) Q ). 

Theorem 2. /c/. theorem 2.7, propositions 2.9 and 2.10] 

Assume that the pairings N d ~ l ~ l H2d-2i-i{X,Q) x N l H2i+i(X, Q) — > Q are non de- 
generate. Then there exists for all < i < d — 1 a projector Tl2i+i,i whose homology class 
is the projector H*(X, Q) -» N l H.2i+i{X, Q) <^-> H*(X, Q) anc? suc/i t/iat t/ie Chow motive 
(X, n2j+i ; j, 0) zs isomorphic to \)\{Jf{X))(i). These projectors can be chosen to be dual, 
i.e. *n 2 j + i ! j = n 2 d-2j-i,d-i-i- 

Moreover, the set of projectors H.2i,i and n^j+i^ is a set of pairwise orthogonal projectors 
and we have 

Ker (AJj : Ci^(X) alg , Q -> J?(X) ® Q) = Ker (n 2i+M : C^(X) alg , Q -> C^(X) alg;Q ). 

We then wish to use this set of Chow projectors to relate finite dimensionality in the 
sense of Kimura [14] of the Chow motive t)(X) := (X, idx,0) to the representability of 
its total Chow group. Such problems have been tackled by Guletskii and Pedrini in [8]. 
They proved that for a surface S, CHq(S) is representable if and only if H 2 (S,Os) = 
and the Chow motive of S is finite dimensional. More recently, Gorchinskiy and Guletskii 
proved [6] that a 3-fold X with representable Chow group is finite dimensional. Here, we 
generalize this result to any smooth projective variety X using previous results obtained 
by Esnault and Levine [5]. 

The group Ci7j(X) a i g of i-cycles algebraically trivial modulo rational equivalence is the 
subgroup of CHi(X) generated by the images of : CHo(C)\ i0m — > CHi(X) for all curves 
C and all correspondences V <G CHi + i(C x X). A cycle which is algebraically trivial is 
homologically trivial. The Griffiths group Griffj(A) of i-cycles of X is Zi(X)\ lom /Zi(X) a ,i g . 
By the theory of Hilbert schemes, the Griffiths group can be shown to be a countable group. 
Since Cffo(C)hom ~ Pic^, the group CHi(X) & \ g is divisible. It is said to be (rationally) 
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representable if there exist a curve C over k and a correspondence T € Cffj+i(C x X)q 
inducing a surjection (T^)* : Picq 2 ®Q = C-#o(Cfi)aig ® Q — » C-#iPfo)aig ® Q for all 
algebraically closed fields 0, D k. 

It is not too difficult to see that if Cffj(X) a i gi Q is representable then it is supported in 
dimension i+1 (for a proof see lemma 1.8 in [22]). Representability for the group CHi(X) a \ g 
imposes strong conditions on the Hodge numbers of X. For example if CHo(X) a i g is 
representable, the Mumford-Roitman theorem says that necessarily h n, ° = for any n > 2. 
Assuming the generalized Hodge conjecture is true, Lewis [16] and independently Schoen 
[22] showed that CHi(X) a \ g representable forces the vanishing of some Hodge numbers and 
specifically forces Gi l N H2i+j(X, Q) to vanish for all j > 2. Lewis generalized techniques of 
Mumford as in [19] whereas Schoen used the technique of decomposition of the diagonal of 
Bloch and Srinivas as in [3]. We will prove a partial converse statements for varieties that 
are finite dimensional in the sense of Kimura, assuming the generalized Hodge conjecture 
(theorem 3.3). 

The construction of our projectors H2i,i and H2i+i,i allow us in concrete situations to 
cut out of the Chow motive of X some copies of twisted Lefschetz motives and of twisted 
rji's of abelian varieties. If we have enough information on the Chow groups of X or if we 
know that f)(X) is finite dimensional and we have enough information on the support of 
the cohomology of X we are able to conclude as for the shape of the motive of X. 

Write hij(X) for the Hodge number dime Hij(X(C), C). A first result illustrating our 
approach is 

Theorem 3. Let k C C be an algebraically closed field. Let X be a smooth projective 
variety of dimension d over k and write Xc for X xs pcc A: Spec C. The following are 
equivalent. 

1. \)(X) = ©f^QL®*)® 6 *. In particular t)(X) is of abelian type. 

2. i)(X) is finite dimensional, H2i(X) = N' l H2i{X) and H2i+i(X) = for all i. 

3. f)(A) is finite dimensional and hij(X) = as soon as \i — j\ > and the Hodge 
conjecture holds for X . 

4- The rational cycle class maps cl{ : CHi(Xc)ci H2i(X,Q) are all injective. 

5. The rational cycle class maps cl{ : CHi(X)Q — > H2i(X, Q) are all bijective. 

Of course, this is presumably well-known and the main ingredient, apart for (4 5) 
proved by Jannsen [10, Th. 3.6], is the construction of the ^j^'s. Likewise, the construction 
of a set of mutually orthogonal projectors U2i+i,i encoding the information contained in 
the algebraic part of the intermediate Jacobians enables us to generalize theorem 3. 

Theorem 4. Suppose k C C is algebraically closed. Let X be a smooth projective variety 
of dimension d over k. The following are equivalent. 
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1. t)(x) = i©f)i(Aib x )eL e62 ef)i(j 1 a (x))(i)e(L® 2 )® fe4 e. . .®i )1 (j^_ 1 (x)){d-i)®h^ d . 

In particular, t)(X) is of abelian type. 

2. t)(X) is finite dimensional and H^X) = jvL*/ 2 ! H^X) for all i. 

3. \){X~) is finite dimensional, hij(X) = as soon as \i — j\ > 1 and the generalized 
Hodge conjecture holds for X. 

4- The Chow groups CHi(Xc)a,ig,Q are representable for all i. 

5. The Abel-Jacobi maps CHi(Xc)hom — * Ji(X(C)) are infective for alii up to torsion. 

The proof goes as follows. The implications (1 2), (2 =4> 3) and (1 => 4) are 
straightforward. The implication (3 1) is due to Kimura and is contained in the proof of 
[14, Theorem 7.10]. However, we give a proof using our projectors and n^j+i^ defined 
in §2 (theorem 3.3). The equivalence (4 44> 5) is certainly known and we include a proof in 
§8.2. The proof relies on a generalized decomposition of the diagonal and was essentially- 
written in [5]. Our main input is then a proof of (5 =4> 1) which we give in §8.3 (theorem 
3.9). 

For some statements that do not involve the cohomology of X in all degrees, we refer 
to [24, §5]. For example, Esnault and Levine [5] prove that if there exists an integer s 
such that the Abel-Jacobi maps AJ{ : CHi{X\ om — ► Ji{X) are injective modulo torsion 
for all < i < s then the Hodge numbers hij(X) vanish whenever (1) i + j < 2s + s and 
\i — j\ > 1, and whenever (2) i + j > 2s + s and j > s + 1. The converse statement holds 
if one assumes finite dimensionality for the Chow motive of X and the generalized Hodge 
conjecture for all smooth projective varieties [24, prop. 5.14]. 

In a forthcoming paper [25], we use the construction of Chow projectors given in §1 
together with Kahn's and Sujatha's theory of birational motives [11] to generalize theorem 
4 to the case of pure Chow motives. The proof in [25] does not involve any cohomology 
theory and does not make use of Esnault's and Levine's theorem [5] but rather gets it 
as a corollary. However, the projectors constructed in §1 are not as explicit as the one 
constructed in §2 and they do not allow to treat the cases when only certain Chow groups 
of a variety X are representable. 

The paper is organized as follows. It is possible to define a filtration N on numerical 
motives of pure weight i and the first section is concerned with the unconditional construc- 
tion of some projectors Tl2i,i and Il2i+i,i whose numerical classes are expected to define the 
motives A^f)™ 111 ^) and N l t)2f+i(X) respectively (and they do under the validity of the 
Kiinneth conjecture for X). This section ends with a remark about the Kiinneth projectors. 

Since the conjecture "horn = num" is not settled it is not clear that these projectors give 
the right projectors in homology. Therefore, in section 2, we work from a cohomological 
point of view and we prove theorems 1 and 2. 
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Finally, in the third section, we draw all the consequences of the construction of our 
projectors H2i,i and U.2i+i,i and prove theorems 3 and 4. 

Conventions. All the schemes considered are separated schemes of finite type over a given 
field k. A variety is an irreducible and reduced scheme. 

1 The projectors Il^ i and Il^j+i^ 

Let k be any field and let H* denote ^-adic cohomology (£ / char k). Given a smooth 
projective variety X over k, we say that X satisfies the Kiinneth conjecture and we 
write C(X) if each projector 7rf om : H*(X) — > Hi{X) — > H*(X) is induced by an alge- 
braic correspondence on X x X, i.e. if there exists ji <G CHfo m x(X x X)q such that 
cZ( 7i ) = 7rh° m g Hom(tf*(A),tf*(A)) = #*(A x X). In particular, if C(X) holds, the ho- 
mological motive of X splits as f) hom (X) = 0-(X, 7if om , 0) with H*(X, irf om ,0) = #i(X). 
Such a decomposition then reduces modulo numerical equivalence to give a Kiinneth de- 
composition of the numerical motive of X, f) num (A) = 0^ ( X, irf um , 0) . We then set 

Let then X be a smooth projective variety over k such that rj num (A) has a weight de- 
composition (i.e. satisfies the Kiinneth conjecture). In [24, §2.2], we introduced a filtration 
N on the numerical motive f)" um (X) defined by 

N^T m {x) = (7 = fT m (y)(j) - fT m P0), 

where the sum runs through all smooth projective varieties V with dim Y = i — 2j and all 
morphisms 7 € Ho mA , num ({) num (F)(i), f)f um (X)). 

There is another, more classical ([1, §8], [12, §7]), filtration on the numerical motive 
f)" um (X) which is defined as follows. A numerical motive M is said to have coniveau > j if 
M(—j) is effective, i.e. isomorphic to a motive of the form (Y, it, 0). Then, N^M is defined 
to be the biggest subobject of M having coniveau > j. 

By definition we have N^/ 2 i +1 t)f um (X) = 0. The last step of the filtration N agrees with 
the last step of the filtration N by effectivity, i.e. N^ 2 ^f um (X) = N^\)f um (X). This 
means that iV^J f)f um (X) is the biggest subobject M of f)f um (X) such that M(-[i/2\) is 
isomorphic to an effective motive (see e.g. [24, Prop. 2.6]). 

Now, let X be any smooth projective variety. Using Jannsen's theorem on the semi- 
simplicity of the category of numerical motives, we are going to construct unconditionally 
some projectors IT^i and U.2i+i,i modulo rational equivalence having the expected proper- 
ties, meaning that if moreover one assumes the Kiinneth conjecture for X then Ti.2i,i and 
n 2 i+i,i have numerical classes such that (X,W£™,0) = N% I § m {X) and (A, 10^, 0) = 
N%%f™(X) respectively. 

Finally, a short note on the Kiinneth projectors, which won't be used in the rest of the 
paper, is included. 
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1.1 A lifting property 



We denote by (resp. M.\) the full thick subcategory of M.^ generated by the f)j^'s 
(resp. f)^'s) of smooth projective varieties over k, or equivalently the full thick subcategory 
generated by Artin motives (resp. h^'s of abelian varieties over k). 

Recall that the category of motives for numerical equivalence with rational coefficients 
M num is abelian semi-simple (cf. Jannsen [9]). For a motive P € «M ra t, let P denote its 
image in -M n um- Let's also write .Mn Um (resp. A4 num ) for the image of M° (resp. M 1 ) 
in .Mnum- The functors M° — > A4n Um and Ai 1 — > Mn Um are equivalence of categories (see 
[23, corollary 3.4]) and as such the categories M® at and Mj at are abelian semi-simple. 

Proposition 1.1. Let M be an object in M® at (resp. in -Mj a1 J. Let N be any motive 
in A^ r at- Then any morphism f : M — ► N induces a splitting A = N± © A 2 with N± 
isomorphic to an object in M® at (resp. in A4j at/ ) and N± ~ Im/. 

Proof. The morphism M — > A/" induces a morphism M — > A and it is known that any 
morphism in an abelian semi-simple category is a direct sum of a zero morphism and of an 
isomorphism (cf. [2, A. 2. 13]). Let's thus write 



where / is an isomorphism Mi ^+ N±. The composition (f^ 1 © 0) o (/ © 0) G End(M) 
is therefore equal to the projector M — > Mi — > M. Let then 5 : A — ► M be any lift of 
/ _1 © : N -> M and let Mi be any lift of M 1 . Then gofe End(M). But it is a fact that 
End(M) = End(M). Therefore, g o f is a projector on Mi. We now claim that / o g o / o g 
defines a projector in End(A) onto an object isomorphic to Mi. Indeed, 



U °g° f °g)°{f °g° f °g) = f °{{g° f)°{g° f)°{g° f))°g = f °{g° f)°g = f °g° f °g 



1.2 The projectors n 2 i,i 

Let i be an integer < dimX. Let II 2 um G 2^^ X (X x X)q be any projector such that the 
following equality holds 



M = Mi © M 2 



Ni © A 2 = A 




□ 



(X, 11^,0) := £>( r : f) num (P)(i) - lj num P0), 
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where the sum is taken over all Artin motives h num (P) and all morphisms 
T £ Hom(rj num (P)(i), t) nnm (X)). Let's then fix a smooth O-dimensional scheme P over 
k and a morphism T such that 

(A^L—,0) = Im (r : fT m (P)« - f) num (X)). 

By proposition 1.1, F induces a splitting of the Chow motive h(A) whose reduction modulo 
numerical equivalence is isomorphic to (X, U2^"\0). Thus, there exists a projector n 2 j ; j € 

CHdi m x{X x A)q which is numerically equivalent to n^™. 
Proposition 1.2. Assume CfAj, then (A,n™™,0) = APh^A). 

Proof. The image of the projector Il^f is equal to A l f)™ m (A) for weight reasons, (the 
difference in their definitions is that when C(A) holds we can cut f)" um (A) out of f) num (A)). 

□ 

Proposition 1.3. The projector il2i,i satisfies 

CH t {X) immM = Ker ((n 2M )* : CHi(X) Q - C^(X) Q ). 

In particular, the kernel is independent on the choice of a projector U^ff 1 and on the choice 
of a lift for fi™. 

Proof. Proposition 1.1 gives a smooth O-dimensional scheme P such that (X, 112^,0) ~ 
f)(P). The action of ILj^i on CH^X)^ therefore factors through CHq(P)q and by func- 
toriality of reduction modulo numerical equivalence we have the commutative diagram 

CHi(X) Q CH (P) Q CHi{X) Q 

Zf um (A) Q 2 num (P) Q Z™ m (X) Q 

where the bottom row is identity. A simple diagram chase then proves the proposition. □ 

1.3 The projectors Il2i+i,i 

Let i be an integer < dim A. Let n^i+i i ^ "^dimX ("^ ^ -^Oq projector such that 

the following equality holds 

(A,n™ M ,0) :=^Im(r : ^{C){i) - fT m (A)), 

where the sum is taken over all smooth projective curves C over k and all morphisms 
r € Hom(f}° um (C)(i), f) num (A)). Let's then fix a smooth projective 1-dimensional scheme 
C over k and a morphism V such that 

(x, n££,i. o) = im (r : hr m (C)(*) -> h num (^)) • 
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By proposition 1.1, T induces a splitting of the Chow motive f)(X) whose reduction mod- 
ulo numerical equivalence is isomorphic to (X, tl^t+i j , 0) . Thus, there exists a projector 
n2i+i,i £ C-^dimx(^ x X)q which is numerically equivalent to n^+i %• Still by proposition 
1.1, (X, 1121+1,1, 0) is isomorphic to a direct summand of hi(C)(i). Hence, there exists an 
abelian variety J over k such that 

(x, n 2i+ i ii ,o)~r ) i( j)(i). 

For the same reasons as in proposition 1.2, the projectors Il2i+i,i have the expected 
properties. 

Proposition 1.4. Assume CfXj, ffcen (X, fi^ ., 0) =iV i f)™(X). 
1.4 A note about the Kunneth projectors 

We fix a base field k. We would like to explain how it is possible to show the existence of 
some cycles whose numerical classes are the expected Kiinneth projectors. 

Let X be a smooth projective variety over k. We proceed by induction on dimX. If 
X = Spec k, we define Hq to be the cycle X x X inside X x X. Suppose we have constructed 
projectors modulo numerical equivalence 11^, Hj , . . . , n^ dim y^_ 2 for all smooth projective 
varieties Y of dimension dim Y < d. Let X be of dimension d. Then, for all i € {0, . . . , d — 
1}, we define the projector LT^- € Z™ m (X x X) to be the projector such that 

(x,nf,o) = y im(/,:(y,nr,o)^h num (x)), 

where the sum runs through all smooth projective varieties Y of dimension i and all mor- 
phisms f:Y^X. We then set n*_. = *Ilf and Ilf = id x - nf . 

If one assumes B(X) then these projectors do define the Kiinneth projectors. Indeed, it 
is then enough to take for Y any smooth linear section of X of dimension i. Such a Y also 
satisfies B(Y) and the morphism f)f um (Y) — » f)f um (X) induced by the closed immersion 
Y "-^ X is surjective [1, 5.2.5.1]. 

2 The projectors Ii^i and Tl2i+i,i 

In this section, we fix an algebraically closed field k with an embedding k C. The ho- 
mology theory is Betti homology. Under mild assumption, we define projectors modulo ra- 
tional equivalence whose homology class are the projectors H*(X, Q) — > iV"l-*/ 2 J Hi(X, Q) — > 
H*(X, Q). When z is odd, these generalize Murre's Albanese and Picard projectors (cf. 
[20] and [23]). 

Note that if numerical and homological equivalence agree on X x X, then the projectors 
defined in the previous section do the job by [24, Th. 4.7]. Indeed, the Chow projector 
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n i)Li/2J is such that NW 2 lt)™ m (X) = (X,n™™ 2j ,0) by propositions 1.2 and 1.4, and the- 
orem 4.7 {loc. cit.) then states that the projector Ilj ^/ 2 J reduces modulo homological 
equivalence to the projector H*(X, Q) -> N^H^X, Q) -> Q). 

2.1 A preliminary result 

Let X be a d-dimensional smooth projective variety over a field k. Let L be an ample line 
bundle on X. The hard Lefschetz theorem asserts that the map c\{L) % n — : Hd+i(X) — > 
Hd-i(X) is an isomorphism for all i > 0. The variety X is said to satisfy the Lefschetz 
conjecture and we write B(X) if the inverse morphism is induced by an algebraic cor- 
respondence for alH > 0. 

Now, let X be a d-dimensional smooth projective variety over an algebraically closed 
field k C C . Recall that the last step of the filtration N coincides with the last step of the 
filtration N on homology, so that we have 

Grg /2J ^(X, Q) = N^Hi(X, Q) = N^H^X, Q) 

for all i. 

Lemma 2.1. Assume either B(X) or the Hodge conjecture holds for X . Then, the pairing 

N'H^X, Q) ® N^H^iX, Q) ^ Q 

induced by Poincare duality is non degenerate for all i. 
Assume either B(X) or GHC(X). Then, the pairing 

N*H 2i+1 (X, Q) ® ^- 1 J ff 2(i _ 2i _ 1 (X, Q) -> Q 

induced by Poincare duality is non degenerate for all i. 

Proof. In the case we assume B(X), the Hodge index theorem is a crucial ingredient and 
the lemma is a special case of [24, Prop. 3.5]. In the case we assume the Hodge (resp. the 
generalized Hodge) conjecture, the filtration N coincides with the last step of the Hodge 
coniveau filtration Njj on cohomology. Therefore, the lemma reduces to a simple fact in 
Hodge theory. □ 

2.2 The projectors U 2 i,i 

Let X be a d-dimensional smooth projective variety over an algebraically closed field k 
which is a subfield of C. 

Theorem 2.2. Suppose that the pairings N' l H2i(X, Q) x N d ~ l H2d-2i{X , Q) — > Q are non 
degenerate. Then there exist pairwise orthogonal projectors Tl2i,i € CHd(X x X)q (0 < 
i < d) whose homology classes are the projectors H*(X, Q) -» N l H2i(X,Q) <^-> H*(X, Q) 
and suc/i f/iaf *Il2j ) j = H2d-2i,d-i for all i. 
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Proof. By definition N l H2i(X,Q) coincides with the image of the cycle class map 
CH2i(X)q — > H2i(X, Q). For all integers i, let's just parametrize the cycles in N l H2i(X, Q) 
by points. Precisely, let Pj be the disjoint union of di = diniQ N t H2i(X, Q) copies of Spec k 
and let Tj G CHi(Pi x X)q be a correspondence such that 

(rO* :H (Pi) -^N i H 2i (X,Q) 
is bijective. The correspondence T^-i induces by duality a bijective map 
('IV,)* : (A^i^- 2l (^,Q)) V H (P d _^. 

By Poincare duality (N^ H 2d - 2 i(X , Q)) V identifies with N i H 2i (X,Q) and F (Pd-;) v 
identifies with Ho(P d -i). Therefore the composition *Pd_j o Tj induces a Q-linear iso- 
morphism Ho(Pi) — —> Ho(P d ^i). It is then clear that there exists a correspondence 
T G CH (P d _i x Pj)q such that T o *r d _j o Tj acts as identity on H (Pi). We have the 
following picture 

N i H 2i (X,Q) 



#o(P) H (P d _ 



We then set 



n 2M = o r o *r d _, G c# d (x xx) Q . 

Since T o l T d _i o Ti = id G CHq{Pi x P;)q, it is clear that is a projector. Also, it 
is clear that the projector Tl2d-2i,d-i can be chosen to be equal to T d ^i 0T0 *rj, that is 
equal to *il 2 j j. Finally, for dimension reasons, the set {^2i,i}o<i<d is a set of mutually 
orthogonal projectors. □ 

Proposition 2.3. The Chow motive (X, U.2i,i, 0) is isomorphic to (L®*) edl . 

Proof. The correspondence Tj is an element of 

CH^PiXX^ = Hom^^'.^FixX)) 

= H omA , rat (fKP) v (i),fKx)) 

= Hom.M^h^X*), ()(*))■ 

Therefore the projector G Homx rat (h(X), factors through f)(Pj)(i) which is 

isomorphic to (L®*)®*. Now, clearly roT^oT, = id G Hom^ rat (t)(Pi)(i), f)(Pi)(i)) 
which proves the claim. □ 
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Proposition 2.4. Let X be a smooth projective variety over k. Then, if the pairing 
N i H 2 i{X, Q) x N d - i H 2d -2i(X,Q) -» Q is non degenerate, 

CHi{X) hom!Q = Ker (n 2M : CHi(X) Q -> CiT;(X) Q ). 

Proof. Taking up the notations of the proof of theorem 2.2, by functoriality of the cycle 
class map, we then have a commutative diagram 



CH (Pi) Q 



H (Pi,Q) 



■CH t (X) Q 

Cli 

H 2i (X,Q) 



CHi(X) Q - 

cli 

H 2i (X,Q)~ 

The composition of the two arrows of the top row is the map induced by H2i,i and the 
composition of the two arrows of the bottom row is the identity on Im (cli). The proposition 
follows easily. □ 

Remark 2.5. If X is moreover assumed to have a finite dimensional Chow motive in 
the sense of Kimura, then we prove [24, Prop. 4.18] that for any choice of projector ir 2 i t i 
homologically equivalent to H 2 a we have 



C^(X) hom , Q = Ker (tt 2M : CHi(X) Q - CHi(X) Q ). 



2.3 The projectors H 2 i+i,i 

The Albanese and the Picard variety. Let X be a smooth projective variety over 
a field k. The Albanese variety attached to X and denoted Albx is an abelian variety 
universal for maps X — > A from X to abelian varieties A sending a fixed point xq G X 
to € A. The Picard variety Pic^ of X is the abelian variety parametrizing numerically 
trivial line bundles on X (i.e. those with vanishing Chern class). These define respectively 
a covariant and a contravariant functor from the category of smooth projective varieties to 
the category of abelian varieties. 

The abelian varieties Albx and Pic^ are dual and are isogenous in the following way. 
Let C be a curve which is a smooth linear section of X. Then the map 

* : Pic^ -»• Pic^ Alb c -»• Alb x 

is an isogeny, where is the map induced by the theta-divisor on the curve C. 

The following proposition is essential to the construction of our projectors W 2 i+i,i- 

Proposition 2.6 (c/. th. 3.9 and prop. 3.10 of [23]). Let Y and Z be smooth projective 
varieties and let ( £ CHq(Y) and rj € CHq(Z) be 0-cycles of positive degree. Then, there 
is an isomorphism 

Q : Hom(Alby, Pic° z ) Q -=-> {c G CH 1 (Y x Z) Q / c{() = *c(r?) = 0}. 
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Moreover, £1 is functorial in the following sense. Let (/> : Y' Y and ip : Z' — > Z be 
morphisms of varieties and let £' and rj be positive O-cycles on Y' and Z' with direct image 
£ and n onY and Z. If (3 : Alby — > Pic^ is a homomorphism, then 

0(Pi Cv , o 0) = o fi(/?) and Q({3 o Ah%) = f2(/9) o 

where Q, is taken with respect to the chosen O-cycles. 

Intermediate Jacobians. Given a smooth projective complex variety X, the i th inter- 
mediate Jacobian attached to X is the compact complex torus 

J t (X)~ H 2t+1 (X,C) 



F*H2i+i(X,C) + H2i+i(X,Zy 
It comes with a map 

AJi : CHi (X)hom — » ■/j(-X') 

called the i th Abel-Jacobi map which was thoroughly studied by Griffiths [7]. In the cases 
i = and z = dim A — 1, we recover the notions of Albanese variety and Picard variety 
respectively. These intermediate Jacobians are however fairly different since they are of 
transcendental nature. While the Albanese and the Picard variety are algebraic tori, this is 
not the case in general for intermediate Jacobians. Precisely, let J? lg denote the maximal 
subtorus inside Ji(X) whose tangent space is included in Hi+n(X, C). It is then a fact 
that J? g is an abelian variety and that 

j al S(X) - N l H H 2i+ i(X, C) 



N* H H 2t+1 (X, C) n (FiH 2i+1 (X, C) + H 2i+1 (X, Z)) 

where N l H H 2 i + i(X,Q) is the maximal sub-Hodge structure of H 2 i + i(X, Q) contained in 
Hi + i^(X, C) © Hi t i + \(X, C). In particular, the intermediate Jacobian is algebraic if and 
only if H 2i+ i(X,C) is concentrated in degrees (i,i + 1) and (i + l,i). As a consequence 
of the horizontality of normal functions associated to algebraic cycles [7] , it is also a fact 
that the cycles in C Hi(X)\ lom that are algebraically trivial map into jf g (X) under the 
Abel-Jacobi map. The map CHi(X) a \ g — > jf g (X) is surjective if the generalized Hodge 
conjecture is true, in particular if N t H 2 i + i(X, Q) = H 2 i + i(X, Q). In any case, let's write 
Jf{X) for the image of the map AJi : CHi{X) & \ g — ► J alg (A). It is an abelian subvariety 
of the abelian variety J alg (A). We sum this up in the commutative diagram 

AJ 

Ci^i(A)hom >- Ji{X) 



CHi(X) alg J? (X)C . jf {X ). 
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Finally if X is denned over an algebraically closed subfield k of C, the image of the 
composite map 

CiZiPQalg -> C^(X c ) alg - Jf g (X c ) 
defines an abelian variety over /c that we denote Jf(X). 

The projectors n^j+i^ 

Theorem 2.7. Suppose that the pairings N d - i - 1 H 2d -2i-i(X,Q) x N i H 2i+ i(X,Q) -> Q 
ore non degenerate for all i. Then, there exist pairwise orthogonal projectors 
n2i+i,i G CHd(X x X)q whose homology classes are the projectors 
H*(X,Q) -» N l H 2i+ i(X, Q) i?*(X,Q) and suc/i i/iai *n 2 j+i,j = n 2 d-2i-i,d-i-i /or 
a/Z i. Moreover, the set {Ti2i+i,i, n2jj}o<i<d-i, o<j<<f a se ^ of pairwise orthogonal pro- 
jectors. 

Proof. Given any abelian varieties A and B, Hom( J 4, B) denotes the group of homo- 
morphisms from A to B. Recall that the category of abelian varieties up to isogeny is 
the category whose objects are the abelian varieties and whose morphisms are given by 
Hom(A, B) ®z Q for any abelian varieties A and B. This category is abelian semi-simple, 
cf. [26]. 

By definition of the coniveau filtration, there exist smooth projective one-dimensional 
schemes Cy and Cz over k and correspondences Ty G CHi + i(Cy x X)q and Tz G 
CHd-i(Cz x X)q such that both maps 

(ry), : H^Cy, Q) -> WH^X, Q) 

and 

(r z )» : i?i(C z ,Q) -> iV^-^d-^-iP^Q) 

are surjective. 

These maps induce respectively a surjective homomorphism 

(ry), : Alb Cy -» Jf (X) 
and by Poincare duality a homomorphism with finite kernel 

(Tz)* : Jf (X) = (Jd%„ 1 (X)) V Pic° Cz . 
These two maps induce an isogeny 

a : Alb Cy /Ker(r Y ), Im(r z )*. 
Let then <3? be the homomorphism 

Pic£ z -» Im(r z )* ^> Alb Cy /Ker(r y ), Albcv, 
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where the first and the last arrow are defined using the semisimplicity of the category of 
abelian varieties up to isogeny. 

We would now like to use proposition 2.6 in order to give an algebraic origin to <£. 
Proposition 2.6 gives a functorial isomorphism between Hom(Albc z , Pic^ y ) <g) Q and {c G 
CH l (Cz x Cy)q I c(C) = t c(rf) = 0} for some 0-cycle ( (resp. rj) of positive degree on Cz 
(resp. Cy). Here, <I> belongs to Hom(Pic^ z , Albcy) <8> Q which is not quite the Horn group 
in the statement of proposition 2.6. To correct this, let Qz and 0y denote respectively 
the G-divisors of the curves Cz and Cy- Then under the isomorphism of proposition 2.6, 
$ corresponds to a correspondence T := Qy o T' o Q^ 1 G CH l {Cz x Cy)cj satisfying 

r*C = *r*r? = 0. 

We thus obtain the following commutative diagram 

Jf{X) 

Alba 
We now set 

u 2l+ i,i ■= r Y o r o *r z g Cff d (x x x) Q . 

By choosing the same curves Cy and Cz etc. it is clear that the dual construction 
gives a correspondence *Il2i+i,i := o T o *ry. Therefore it is possible to choose the 
correspondences H 2 i+i,i so that they satisfy t U.2i+i j i = U 2 d-2i-i,d-i-i for all i. 

It is certainly clear that the homology class of H-2i+i,i is the refined Kiinneth projector 
H* (X, Q) -» N i H 2 i+i {X, Q) ^H4X,Q). 

We now claim that the correspondences U-2i+i,i are pairwise orthogonal projectors. 

The fact that U.2i+i,i defines a projector goes as follows. It is enough to prove that 
r o *r 'z o Ty o r = r. Thanks to proposition 2.6, it is actually enough to prove $ o (r^)* o 
(Py)* o $ = $ : Pic^» z — > Alb^y. This last statement follows directly from the definition 
of $. 

It remains to check that they are pairwise orthogonal. Because H2i+i,i = Ty o T o *r z 
and by definition of Ty and Tz, H 2 i+i,i acts possibly non-trivially only on C£^(X)q and 
sends it to itself. Therefore, H-2i+i,i is orthogonal to Tl 2 j+ij and to H 2 j t j for any j ^ i. 
Finally, 1121+1,1 is orthogonal to H 2 i,i because F acts trivially on Zq ovc1 (Cz) by definition of 
the isomorphism of proposition 2.6. □ 

Remark 2.8. The pairing N*-*- 1 Hu-x-iiX , Q) x N i H 2 i + i(X, Q) -> Q is non de- 
generate for example when B(X) holds or when GHC(A) holds, cf. lemma 2.1. It is 
also clearly non degenerate when we have N d ~ l ~ 1 H 2t j i - 2 i-i(X, Q) = H 2 d_ 2 i_i(X, Q) and 
APtf 2i+1 (X,Q) =fT 2i+1 (X,Q). 

Proposition 2.9. The Chow motive (X, I^j+i^, 0) is isomorphic to f)i(Jf (X))(i). 
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Likewise, 



Proof. Recall first that given two abelian varieties J and J' over k, there is a canonical 
identification 

Hom(J, J') ® Q = Hom.M rat (fo(J), ^(J')) ® Q, 

which shows that End^j rat (f)i(J)) ® Q is semi-simple. Let's reinterpret the correspondence 
Ty as a morphism of motives. First, we have the Poincare duality property f)(Cy) v = 
h(Cy)(-l). Now, 

Ty G CH i+1 (C Y x X) Q = Hom(L i+1 , h(Cy x X)) 

= Hom(L m ,h(Cy)®f)pO) 

= Hom(f)(Cy) v ®L m ,h(X)) 

= Hom(f)(Cy)(i),J)(X)). 

l T z e CH d _i(X x C z )q = Horn (h(X),h((7 z )(*)). 

Now, the fact is that the correspondence T of the proof of theorem 2.7 acts trivially on 
Zq ou1 (X) and thus induces a morphism from t)(Cz){i) to h(Cy)(i) that factors as 

f>(C Z )(i) - t)l(C Z )(z) - [^Jf (X))(i) ^ (X))({) f)!(Cy)« h(Cy)(z). 

There are canonical identifications 

f)i(Cz) = f)i(Pi4) and ^ 1 (Cy) = h 1 (Alby). 

Therefore, the factorization above realizes ()i(Jf (X as a direct summand of both 
t)(Cz)(i) and f)(Cy)(i). By definition of a, the homomorphism 

(H(Jf - f)(Cy)« - f)(X) - «C z )(i) - biGOTX*) ^ OiUfPOX*) 

in Endx rat (f)i(Jf (X)) ® Q = End (Jf (X))) ® Q is identity. Hence the projector IL^+i,; 
factors as fj(Jf) -» f)i(Jf(A"))(i) -» f)(X) and the composition f)i (Jf (X)) (i) -f -^ 
f)i(Jf (X))(z) is identity, thus proving the claim. □ 

Proposition 2.10. Let X be a smooth projective variety over k. Assume the pairing 
N d - i - 1 H 2d -2i-i(X,Q) x N i H 2i+ i(X,Q) -> Q is non degenerate. Then, 

Ker (AJi : C^(X) algiQ -> (X) ® Q) = Ker (n 2i+1;i : C^(X) algiQ -> C^(X) alg;Q ). 

Proof. We have the commutative diagram 

C^i(^)alg,Q — Ci7 1 (Cz)alg,Q — ^ C-#iP0alg,Q 



(X) ® Q Picg, ® Q Jf (X) ® Q 
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where A = T o t Tz, B = Ty and B o A = 1121+1,1. The inclusion Ker AJi C KerlLji+i^ 
follows from the commutativity of the diagram (The Abel-Jacobi map for algebraically 
trivial cycles is functorial with respect to correspondences, cf. [18] or Theorem 12.26 in 
[17]). The reverse inclusion Ker Ikj+i j C Ker AJi follows from the fact that the lower 
horizontal row is identity on Im AJi = Jf(X) <8> Q. □ 

Remark 2.11. Let X be a smooth projective variety over k whose Chow motive is finite 
dimensional. Assume the pairing N d ~ l ~ 1 H2d-2i-i(X, Q) x N l H2i+i(X, Q) — > Q is non 
degenerate. Then, it is proved [24, Prop. 4.20] that 

Ker (AJi : CH t {X)^ M - J?(X) ® Q) = Ker (7T 2i+M : C^(X) algiQ -> Cffj^q) 

where 7^+1,1 is any projector in CH^{X x X)q such that [TT2i+i,i\*H*(X) = N % H2i+\(X). 

2.4 The positive characteristic case 

We only indicate how the results of this section could be extended to the case of an arbitrary 
algebraically closed field k. First, the cohomology theory H* is now £-adic cohomology with 
£ / char k. 

Concerning the projectors U2i,i- If X is any smooth projective variety over k, then we 
have N l H2i{X) = N l H2i(X) for all i. Therefore, if assuming that the pairings N l H2i(X)<S>Q e 
N d ~ l H2d-2i{X) — > are non degenerate, we can still use points (instead of smooth pro- 
jective schemes of dimension i as required by the filtration N) as in the proof of theorem 
2.2. It is then not too difficult to convince oneself that the results of §2.2 go through. 

Concerning the projectors B^j+i^. It is not proved that we have N l H2i+i(X) = 
N' l H2i+i{X) in general. Therefore, if we want to adapt the proof of theorem 2.7, we 
have to rather concentrate on the filtration N . 

Suppose then that the pairing N l H2i+i(X) <g>Q e iV d— * — 1 #2^-21-1 PO Qe is non de- 
generate. Pick two one-dimensional smooth projective schemes C and C together with 
correspondences T G CHi + \(C x X) and T' £ CHd-i(C x X) such that both maps 
r* : H^C) -» N i H 2i+1 {X) and : H^C) -» N d - i ' 1 H 2d ~2i-i{X) are surjective. Then, 
we have the composition 

(*r' o r)* : H^C) -» N l H 2l+1 (X) = (N d - i - 1 H 2d -2i-i{X)Y H^C). 

The correspondence *r" o T also induces a morphism / : Albc — > Albc' which induces a 
morphism/* : iii(Albc) — > i?i(Aibc) and under the identification Hom(iii(C), H\(C')) = 
Hom(#i(Alb c ),#i(Albc<')), we have (*r' o r% = /*. Let J, t be the image of /. Then, 
H\(Ji) — N' l H2i+i(X). By semi-simplicity, we get a morphism <p : Albc — > Albc such 
that Im<^ ~ Jj and 99 o (*r' o r)* o <p = (p. By the isomorphism of proposition 2.6, we get a 
correspondence <3? <G CH\(C' x C) ® Q< and we set 

n 2m ,* := r o $ o 'r'. 
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Applying the same arguments as in the proof of theorem 2.7, we get that the U.2i+i,i are 
mutually orthogonal projectors and that (X, E^j+i^, 0) ~ f)i(Jj)(i). 

Finally, let's mention that in both cases, it is not proved that B(X) implies that the 
pairings are non degenerate. However, the pairing N l H2i{X) x N d ~ l H 2 d-2i{X) — > is 
seen to be non degenerate if homological and numerical equivalence agree on X. 

3 Representability of Chow groups and finite dimensional 
motives 

Let X be a smooth projective variety defined over an algebraically closed subfield k of C. 
In this section, we first prove the implications (3 =>■ 1) of theorem 4. For this we use our 
projectors U.2i,i and U.2i+i,i together with the standard 

Lemma 3.1. Let N be a finite dimensional Chow motive. If its homology groups H*(N) 
vanish then N = 0. 

Proof. The homology class of idjv € End,M rat (JV) is then 0. Kimura [14, Prop. 7.2] proved 
that if a Chow motive N is finite dimensional then the kernel of the map Endx rat (N) — > 
Endx hom (A rhom ) is a nilpotent ideal. Hence idjv is nilpotent i.e. id^ = 0. □ 

In order to prove the implication (5 => 1) of theorem 4, we again use our projectors 
H2i,i and n2i+i 5 i, together with the following 

Lemma 3.2 (Gorchinskiy-Guletskii [6], lemma 1). Let N be a Chow motive over a field 
k and let be a universal domain over k, i.e. an algebraically closed field of infinite 
transcendence degree over k. If CH*(Nq)q = 0, then N = 0. 

3.1 Prom finite dimensionality to representability 

The following result has already been proved by Kimura (see the proof of [14, Theorem 
7.10]. We give a proof using our projectors Tl2i,i and U.2i+i,i. 

Theorem 3.3. Let X be a d-dimensional smooth projective variety over k. Assume that the 
Chow motive of X is finite- dimensional in the sense of Kimura and assume the generalized 
Hodge conjecture holds for X . Then, if hij(X) = for \i — j\ > 1, 

i)(X) = 1 f)i(Alb x ) ©L® b2 © f) 1 (J 1 a (A))(l) © (L® 2 )® 64 © ... © lji(J2-iP0)(d - 1) 0L® d . 

In particular, C H :¥ (X)i lom is representable. Moreover, the rational Deligne cycle class maps 
are isomorphisms. 
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Proof. Consider the mutually orthogonal projectors H2i,i of theorem 2.2 and the mutually 
orthogonal projectors Iki+i j of theorem 2.7. These can be constructed using only the 
generalized Hodge conjecture for X (lemma 2.1). Moreover, for any integers i and j, H2i,i 
and II^j+ij are orthogonal. Hence, the sum of the Tl2i/s and of the n^j+i^'s cuts out a 
submotive of t){X). The motive (X, ^^,0) has already been proved to be isomorphic to 
QL®i)0&2i j n proposition 2.3 and the motive (X,H2i+i,i,0) has already been proved to be 
isomorphic to f)i ( Jf in proposition 2.9. 

Therefore, l©{)i(Albx)eL® f,2 e(f)i(J 1 a (X))(l)) ®(L® 2 ) ef,4 e. . .e(^i(J^_ 1 (X))(d-l))e 
L® d is a direct summand of t){X). The assumption of the generalized Hodge conjecture for 
X implies that Jf(X)(C) = jf s (Xc)- Hence, the two motives above have same homology. 
Because l)(X) is finite dimensional in the sense of Kimura, we get that the two above 
motives are equal by lemma 3.1. The claim about the bijectivity of the rational Deligne 
cycle class maps is now obvious. □ 

In [10], Jannsen proves (theorem 3.6) that if all of the cycle class maps cli : CHi(X)Q — > 
H2i(X, Q) are injective, then they are all surjective. Conversely, theorem 3.3 shows that if 
the cohomology of X is algebraic, i.e. if the map cl : CH*(X)q — ► H*(X, Q) is surjective, 
and if X is finite dimensional in the sense of Kimura, then the cycle class maps are all 
injective. Furthermore, this gives a "proof" of conjecture 3.4 of [10] under the assumption 
that i)(X) is finite dimensional, whereas Jannsen gives a "proof" under the assumption of 
the BBM conjectures (more precisely under the validity of Beilinson's formula). 

3.2 Representability vs. injectivity of the Abel-Jacobi maps 

The results in this section are seemingly well-known. Given a smooth projective complex 
variety X, we prove that the following statements are equivalent : 

1. CH*(X)q is representable. 

2. The total Abel-Jacobi map @j Ci?j(X)h om ,Q — ► 0j Ji{X) Q is injective. 

3. The total Deligne cycle class map is bijective, homological and algebraic equivalence 
agree on X and H^X) = N^H^X) for all i. 

The implication (2 =>■ 3) is due to Esnault and Levine [5]. The main argument is a 
generalized decomposition of the diagonal as performed by Laterveer [15] and Paranjape 
[21] among others after Bloch's and Srinivas' original paper [3]. The implication (3 =>- 1) 
is standard, see proposition 3.5. Finally, we couldn't find any reference for the implication 
(1 => 2) so we include a proof of it, see corollary 3.7. The proof goes through a general- 
ized decomposition of the diagonal as done in [5, Theorem 1.2] with some minor changes 
(theorem 3.6). 
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Theorem 3.4 (Esnault-Levine [5]). Let X be a d- dimensional smooth projective complex 
variety. Assume that the Abel-Jacobi maps CHi(X)\ iQm — > Ji(X) are injective for all i up 
to torsion. Then the rational Deligne cycle class maps elf : CHi(X)Q — > H^(X, Q(i)) 
are all isomorphisms and the Hodge numbers hij(X) vanish for \i — j\ > 1. Moreover, 
algebraic and homological equivalence agree on X modulo torsion. 

Proof. By [4, Prop. 1], the following diagram with exact rows commutes 

Ctf*POhom,Q CHi{X) Q ^ om (X) Q 



AJi 



eh 



Ji(X) H%(X, Q(i)) Hdg 2l (X) Q 0. 

The homomorphism ck : Zf om (X)Q — > Hdg 2 j(^)Q is always injective by definition of 
homological equivalence. Therefore, if AJi : CHi (X)h om ,Q — * Ji(X) is injective then the 
rational Deligne cycle class map elf is injective. If they are injective for all i then by 
[5] corollary 2.6 and corollary 3.3 the cycle class maps cli '■ ^i° m (^)Q ~^ Hdg 2 j(AT)Q 
and CHi(X)hom,Q — ► Ji(X) are surjective. The Griffiths group Griff, (X) being countable, 
this is possible only if Ji(X) = jf g (X) and CHi (X)h m,Q = CHi(X) a i g: Q. As a direct 
consequence, the Hodge numbers hij(X) vanish if \i — j\ > 1 (corollary 3.3 loc. cit.). 
Finally, the five-lemma tells us that elf : CHi(X)Q — > H^(X, Q(i)) is an isomorphism for 
all i. □ 

Proposition 3.5. If the Abel-Jacobi map CHi(Xc) a \g — > ./^(Xc) *s injective when ten- 
sored with Q, then CHi(X) a \ g is rationally representable. 

Proof. Let J?(X) be the image of the Abel-Jacobi map AJ { : CHi{X c ) aXg -► jf g (X c ). 
There exists a curve C over and a correspondence to G CHi + \(C x X) inducing a 
surjection AJio(wc)* ■ Albc c <g>Q — > C , //j(Xc) a i g ,Q — > Jf(Xc)<8>Q. Now, the composition 
Ci7j(Xc)aig,Q — ► ^f(Xc)<8>Q is bijective by assumption. Therefore, (u>c)* : Albc c <S>Q — > 
Cifj(Xc)aig,Q is surjective which proves the claim. □ 

Theorem 3.6. Let X be a d-dimensional smooth projective complex variety. Assume 
CH* (X) a i gi Q is representable. Then, there is a decomposition 

d 
i=0 

such that 7$ is supported on D' 1 x /or some subschemes D l and Ti + \ of X satisfying 
dimD' 1 = d — i and dimTj+i = i + 1. 
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Proof. The proof is the same as the proof of [5, lemma 1.1] once one remarks that the 
map ch : CHq(D) — > CH n (X)Q on page 207 has image contained in CH n {X) a \ g Q and 
therefore factors through the Albanese map CHq(D) — ► Alb^,, because Ci7 n (A) a i gj Q is 
representable and has thus the structure of an abelian variety. □ 

Corollary 3.7. Let X be a d- dimensional smooth projective complex variety. Assume 
CH^(X) a i g: Q is representable. Then algebraic and homological equivalence agree on X. 
Moreover, the algebraic Abel-Jacobi maps AJi : C£/i(A) a i gi Q — > J"(A)(g)Q are all injective. 

Proof. First notice that in the decomposition of theorem 3.6, the cycle ji acts non trivially 
on CHj (A)hom,Q only if i = j. Indeed, for dimension reasons ji acts possibly non triv- 
ially only on CHi{X)q and Cf/j+i(A)Q. However, it acts trivially on C-f/i + i(A)h om ,Q 
because a homologically trivial cycle is numerically trivial. Thus the action of 7, on 
Cifj(A)hom,Q is identity. Furthermore, let Ti + \ be a desingularization of Tj + i, then 7, fac- 
tors through Ci?j (rj + i)h om ,Q- Now, homological equivalence agrees with algebraic equiva- 
lence on Ci?j(rj + i)Q. Therefore, homological equivalence agrees with algebraic equivalence 
on CHi{X)d- Finally, by functoriality of the algebraic Abel-Jacobi map, we have the fol- 
lowing commutative diagram 

CiZipOaig CH t (f m ) alg CiZipQalg 



jf (A) j«(r m ) Jf (A). 

The composition of the two maps on each row is induced by ji and is equal to identity up to 
torsion. A diagram chase then shows that AJi : CHi(X) a \ gt Q — > J"(A)(g>Q is injective. □ 

Remark 3.8. Bloch and Srinivas proved [3, Theorem l(i)] that if CHo(X) SL \ gt Q is 
representable then so is CH 2 (A) a i g ,Q- A generalized decomposition of the diagonal (as 
performed in [15] and [21]) allows to prove that if Cffo(A) a i gi Q, . . . , CH s (X) SL \ g ^Q are rep- 
resentable then CH 2 ( A) a i gi q, CH 2+S { A) a i gj Q are also representable. Therefore, if d 
is the dimension of A, it is enough to know that Cffo(A) a i gj Q, . . . , Ci?^/ 2 J-i(A) a i g ,Q are 
representable in order to deduce that CH* (A) a i g Q is representable. 

3.3 Prom representability to finite dimensionality 

Theorem 3.9. Let X be a d-dimensional smooth projective variety over k. Assume that 
the Abel-Jacobi maps CHi (Ac )hom - * Ji(Xc) are injective for all i up to torsion. Then, 
the generalized Hodge conjecture holds for X and 

J)(A) = 1 f)i(Alb x ) ©I® 62 © f)i(J 1 a (A))(l) © (L® 2 )® 64 © ... © &!(</£_! (A)) (d - 1) ©L® d . 
In particular h(A) is a motive of abelian type and is therefore finite dimensional. 
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Proof. Thanks to theorem 3.4, the assumption on the Abel-Jacobi maps implies that 



ck : Z?™(X C ) Hdg 2 ,(A c ) 

and 

AJi : CHi(X c U g jf g (X c ) 

are isomorphisms up to torsion for all i and also that homological and algebraic equivalence 
agree on Xq up to torsion. Therefore, by proposition 3.5, CH*(X) a \ g is representable. 
Representability for CHi(X) a \ g gives a curve C over k and a correspondence T <G CHi + i(Cx 
X) such that (To)* : C-#o(Cc)aig,Q — > C-#i(-Xc)aig,Q is surjective. The Abel-Jacobi 
map being functorial with respect to the action of correspondences [17, 18], we have a 
commutative diagram 

A T 

CHiiXc)^ -Jf lg (A c ) 



(To). 



(To). 



CH (Cc)a\ g Jac(Cc). 

showing that the correspondence Tq induces a surjection Jac(Cc) <8> Q — > Jf lg (Xc) <8> Q. 

Therefore, we have N i H 2i (X, Q) = N i H H 2i (X, Q) and N i H 2i+ i{X, Q) = N i H H 2i+ i(X, Q) 
for all i. Having in mind that the maps C Hi(Xc)hom,Q — * <^(^c) ® Q ar e injective forces 
the Hodge numbers hij(X) to be zero if \i — j\ > 1, this proves that the generalized Hodge 
conjecture holds for X. 

Now, we can apply the constructions of the projectors H 2 i,i and H 2 i + \^ of theorem 2.2 
and theorem 2.7. These projectors are pairwise orthogonal still by theorem 2.7. It is thus 
possible as in the proof of proposition 3.3 to cut out the motive 1 © f)i(Albx) © L® 62 © 
f)i(J 1 a (X))(l) © (L® 2 ) eb4 © ... © f)i(J^ 1 (A))(d - 1) ©L® d from t)(X). These two motives 
have same rational Chow groups when the base field is extended to C, lemma 3.2 implies 
they are equal. □ 

As a corollary, we obtain a result announced by Kimura [13] (Kimura's result works 
more generally for any pure Chow motive over C). 

Proposition 3.10. Let X be a d- dimensional smooth projective variety over k. IfCH*(Xc)Q 
is a finite dimensional Q-vector space, then 

d 

f)(A) ~ 0(L®*)® 62< , 

i=0 

where the b 2 i 's designate the Betti numbers of X . Moreover, the cycle class maps cli : 
CHi(X)q — ► H 2 i(X, Q) are isomorphisms 
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Proof. Indeed, if CH*(Xq)q is a finite dimensional Q-vector space then it is represent able. 
By corollary 3.7, the Abel-Jacobi maps are injective and theorem 3.9 applies. □ 

Acknowledgements. Thanks to Serezha Gorchinskiy, Volodya Guletskii, Bruno Kahn, 
Burt Totaro and Claire Voisin for useful discussions and comments. 
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